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1 SUMMARY

Given a realm by n matrix A, a realm vectorb and scalares > 0, u> 0 andp > 2, this package finds aap-

proximate minimizer of the regularised linear-least>-norm objective function \/||Ax —bl|3+ u|x[|5+ %,0||x||§.

This problem commonly occurs as a subproblem in nonlineimigation calculations involving quadratic or cubic
regularisation, and may be used to regularise the solufiomder-determined or ill-conditioned linear least-sgsar
problems. The method may be suitable for lang@nd/orn as no factorization involvind\ is required. Reverse
communication is used to obtain matrix-vector product$iefformu + Av andv + ATu.

ATTRIBUTES — Versions: GALAHADL2RT_single, GALAHAD _L2RT_double . Uses: GALAHADSYMBOLSGALAH-
AD_SPACE GALAHADNORMSGALAHADROOTSGALAHADLSTR, GALAHADSPECFILE, *ROTG Date: January 20080ri-
gin: N. I. M. Gould, Oxford University and Rutherford Appletonharatory and M. Porcelli, Universita degli Studi
di Firenze .Language: Fortran 95 + TR 15581 or Fortran 2003.

2 HOW TO USE THE PACKAGE

Access to the package required2Estatement such as

Single precision version
USE GALAHAD2RT_single

Double precision version
USE GALAHAD.2RT_double

If it is required to use both modules at the same time, thevd@riypesL2RT_control _type , L2RT.inform _type ,
L2RT_data _type , (Section 2.1) and the subroutineZRT_initialize , L2RT_solve , L2RT_terminate  (Section 2.2)
andL2RT_read _specfile  (Section 2.6) must be renamed on one ofWi8& statements.

2.1 The derived data types

Three derived data types are accessible from the package.

2.1.1 The derived data type for holding control parameters

The derived data typle?RT _control  _type is used to hold controlling data. Default values may be oleihby calling
L2RT_initialize (see Section 2.2.1). The components2RT_control  _type are:

error  is a scalar variable of type defalMTEGER that holds the stream number for error messages. Printiegar
messages ih2RT_solve andL2RT_terminate is suppressed érror < 0. The defaultisrror = 6

out is a scalar variable of type defalMTEGER that holds the stream number for informational messagastirigy
of informational messages i2RT_solve is suppressed tut < 0. The default iout = 6 .

print _level is a scalar variable of type defalMTEGER that is used to control the amount of informational output
which is required. No informational output will occurpkint 1evel <O0. If print _level = 1 a single line
of output will be produced for each iteration of the procdégrint _level > 2 this output will be increased
to provide significant detail of each iteration. The deféuftrint _level = 0
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itmin  is a scalar variable of type defadNTEGER that holds the minimum number of iterations which will be
performed byL2RT_solve . The defaultigtmin = -1

itmax is a scalar variable of type defadNTEGER that holds the maximum number of iterations which will be
allowed inL2RT_solve . If itmax is set to a negative number, it will be reset®RT_solve to maxm,n) -+ 10.
The default istmax = -1

bitmax is a scalar variable of type defadNTEGER that holds the maximum number of Newton inner iterations
which will be allowed for each main iteration l?RT_solve . If bitmax is set to a negative number, it will be
reset byL2RT_solve to 10. The default ibitmax = -1

extra _vectors is a scalar variable of type defalMTEGER that specifies the number of additional vectors of length
nthat will be allocated to try to speed up the computationriyithe second pass. The defaulbisa _vectors
= 0.

space _critical is a scalar variable of type defallDGICAL, that may be seTRUE. if the user wishes the package
to allocate as little internal storage as possible, &AUSE. otherwise. The package may be more efficient if
space _critical is set.FALSE. . The default ispace _critical = .FALSE.

deallocate  _error _fatal is a scalar variable of type defaudGICAL, that may be seTRUE. if the user wishes the
package to return to the user in the unlikely event that aariatl array deallocation fails, anBALSE. if the
package should be allowed to try to continue. The defadkafocate _error _fatal = .FALSE.

stop _relative andstop _absolute are scalar variables of tyfREAL (double precision iftsALAHADL2RT _double ),
that holds the relative and absolute convergence tolesafse® Section 4). The computed solutiois ac-
cepted byL2RT solve if the computed value of AT(Ax —b) +Ax||2 is less than or equal to mEATb||*

stop _relative , stop _absolute ), where the multiplieA = p+ 0||x||§’2\/|\Ax —bl|3+ u/|x||3. The defaults

arestop _relative = y/uandstop _absolute = 0.0 , whereu is EPSILON(1.0) (EPSILON(1.0D0) in GA-
LAHADL2RT double ).

fraction _opt is a scalar variable of type defallEAL (double precision irGALAHADL2RT _double ), that specifies
the fraction of the optimal value which is to be consideredeatable by the algorithm. A negative value is
considered to be zero, and a value of larger than one is camresido be one. Reducirigction _opt below
one will result in a reduction of the computation performédh@ expense of an inferior optimal value. The
default isfracton _opt = 1.0 .

prefix — is a scalar variable of type defa@@HARACTERand length 30, that may be used to provide a user-selected
character string to preface every line of printed outpuedjrally, each line of output will be prefaced by the
string prefix(2:LEN(TRIM(prefix))-1) , thus ignoring the first and last non-null components of tipptied
string. If the user does not want to preface lines by suchiegsthey may use the defauitefix = ™

2.1.2 The derived data type for holding informational parameters

The derived data typE2RT_inform _type is used to hold parameters that give information about tgness and
needs of the algorithm. The component&2RT_inform _type are:

status is a scalar variable of type defalTEGER that gives the current status of the algorithm. See Sexf0®
and 2.4 for details.

alloc _status is a scalar variable of type defalMTEGER that gives the status of the last internal array allocation
deallocation. This will be O itatus = 0

bad _alloc is a scalar variable of type defa@lHARACTERnd length 80, that gives the name of the last internal array
for which there were allocation or deallocation errors.shill be the null string ifstatus = 0
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obj is a scalar variable of type defalREAL (double precision ittALAHADL2RT_double ), that holds the value of the
objective function\/HAx —b|[3-+ px|[3+ Lo]|x]|5.

multiplier is a scalar variable of type defalREAL (double precision irGALAHADL2RT_double ), that holds the
value of the multiplied = p+ 0||x||§’2\/|\Ax —bl|3+px|3.

x_norm is a scalar variable of type defalEAL (double precision ifGALAHADL2RT double ), that holds the current
value of||x|2.

r_norm is a scalar variable of type defalEAL (double precision iftGALAHADL2RT _double ), that holds the current
value of||Ax — b||2.

Atr _norm is a scalar variable of type defaREAL(double precision itALAHADL2RT _double ), that holds the current
value of [AT (Ax — b) + Ax||2.

iter is a scalar variable of type defalMTEGER that holds the current number of Lanczos vectors used.

iter _pass? is a scalar variable of type defalMiTEGER that holds the current number of Lanczos vectors used in the
second pass.

2.1.3 The derived data type for holding problem data

The derived data type?RT_data _type is used to hold all the data for a particular problem betwesdls of L2RT
procedures. This data should be preserved, untouched tfr®nnitial call toL2RT_initialize to the final call to
L2RT_terminate

2.2 Argument lists and calling sequences
There are three procedures for user calls (see SectionXirfoer features):

1. The subroutiné2RT _initialize is used to set default values, and initialize private data.

2. The subroutiné2RT_solve is called repeatedly to solve the problem. On each exit, Hae may be expected
to provide additional information and, if necessary, réeethe subroutine.

3. The subroutin€2RT_terminate  is provided to allow the user to automatically deallocatayacomponents of
the private data, allocated hgRT _solve , at the end of the solution process. It is important to doiftire data
object is re-used for another problem sin@RT_initialize cannot test for this situation, and any existing
associated targets will subsequently become unreachable.

2.2.1 The initialization subroutine

Default values are provided as follows:
CALL L2RT.initialize( data, control, inform )

data is a scalatNTENT(INOUT) argument of typ&.2RT_data _type (see Section 2.1.3). Itis used to hold data about
the problem being solved.

control  is a scalatNTENT(OUT) argument of typ&2RT_control _type (see Section 2.1.1). On exintrol  con-
tains default values for the components as described ino®ettl.1. These values should only be changed after
calling L2RT _initialize

inform  is a scalatNTENT(OUT) argument of typ&2RT_inform _type (see Section 2.1.2). A successful callL®
RT.initialize is indicated when the componestatus has the value 0. For other return valuestafus |,
see Section 2.4.
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2.2.2 The optimization problem solution subroutine

The optimization problem solution algorithm is called aldfws:
CALL L2RT.solve( m, n, p, sigma, mu, X, U, V, data, control, inform )

m  is a scaladNTENT(IN) argument of type defaulNTEGER that must be set to the nhumber of equatiams,
Restriction: m> 0.

n is a scalafdNTENT(IN) argument of type defaulNTEGER that must be set to the number of unknowns,
Restriction: n> 0.

p is a scalatNTENT(IN) variable of type defauREAL (double precision ittALAHADL2RT _double ), that must be
set on initial entry to the desired ordeiof regularisationRestriction: p > 2.

sigma is a scalatNTENT(IN) variable of type defauREAL (double precision it ALAHADL2RT_double ), that must
be set on initial entry to the value of the weighassociated with the regularisation terRestriction: ¢ > 0.

mu isascalatNTENT(IN) variable of type defauREAL (double precision itsALAHADL2RT_double ), that must be
set on initial entry to the value of the shift Restriction: > 0.

X is an arrayINTENT(INOUT) argument of dimension and type defaulREAL (double precision ittALAHADL2-
RT_double ), that holds an estimate of the solutivmf the linear system. On initial entr){,need not be set. It
must not be changed between entries. On &dfntains the current best estimate of the solution.

U is an arrayINTENT(INOUT) argument of dimensiomand type defaulREAL (double precision itcALAHADL2-
RT_double ), that is used to hold left-Lanczos vectors used duringtdration. On initial entryl) must contain
the vectorb. If inform%status = 2 or 4 on exitU must be reset as directed ljorm%status  ; otherwise it
must be left unchanged.

\ is an arrayINTENT(INOUT) argument of dimension and type defaulREAL (double precision itcALAHADL2-
RT_double ), that is used to hold left-Lanczos vectors used during ti@tion. It need not be set on initial
entry. Ifinform%status = 3 on exit,V must be reset as directed Iojorm%status ; otherwise it must be left
unchanged.

data is a scalatNTENT(INOUT) argument of typ&2RT_data _type (see Section 2.1.3). Itis used to hold data about
the problem being solved. It must not have been altbsetthe usersince the last call t2RT _initialize

control  is a scalatNTENT(IN) argument of typ&2RT_control _type . (see Section 2.1.1). Default values may be
assigned by calling2RT_initialize prior to the first call td_2RT_solve .

inform is a scaladlNTENT(INOUT) argument of type 2RT_inform _type (see Section 2.1.2). On initial entry, the
componenstatus must be set td. The remaining components need not be set. A successfulocall t
RT.solve is indicated when the componesiatus has the value 0. For other return valueswafus , see
Sections 2.3 and 2.4.

2.2.3 The termination subroutine

All previously allocated arrays are deallocated as foltows
CALL L2RT terminate( data, control )

data is a scalalNTENT(INOUT) argument of type2RT_data _type exactly as fol.2RT_solve that must not have
been alteredby the usersince the last call th2RT_initialize . On exit, array components will have been
deallocated.

control  is a scalatNTENT(IN) argument of typ&2RT_control _type exactly as fot.2RT_solve .
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inform  is a scalalNTENT(OUT) argument of typ&2RT_type exactly as foL2RT_solve . Only the componerstatus
will be set on exit, and a successful calllZRT_terminate  is indicated when this componestatus  has the
value 0. For other return values sifitus , see Section 2.4.

2.3 Reverse communication

A positive value ofinform%status ~ on exit fromL2RT_solve indicates that the user needs to take appropriate action
before re-entering the subroutine. Possible values are:

2. The user must perform the operation
u:=u+Av,

and recallL2RT_solve . The vectoras andv are available in the arraysandV respectively, and the result
must overwrite the content &f No argument except should be altered before recallibgRT_solve .

3. The user must perform the operation
vi=v+ATu,

and recallL2RT_solve . The vectoras andv are available in the array$andV respectively, and the resuit
must overwrite the content & No argument exceptshould be altered before recallibgRT_solve .

4. The user should resétto b and recallL2RT_solve . No argument excepi should be altered before recalling
L2RT_solve .

2.4 Warning and error messages

A negative value oifiform%status  on exitfromL2RT_solve orL2RT_terminate indicates that an error has occurred.
No further calls should be made until the error has been ctade Possible values are:

-1.  Anallocation error occurred. A message indicating theraffeg array is written on undontrol%error ~ , and the
returned allocation status and a string containing the nafrttge offending array are held inform%alloc
status andinform%bad _alloc respectively.

-2. A deallocation error occurred. A message indicating theraffng array is written on unéontrol%error  and
the returned allocation status and a string containingaineaof the offending array are heldiform%alloc  _-
status andinform%bad _alloc respectively.

-3.  (L2RT_solve only) At least one of the restrictioms > O n > 0, sigma > 0,mu> 0 orp > 2 has been violated.
-18.  (L2RT_solve only) More tharcontrol%itmax iterations have been performed without obtaining converge

-25.  (L2RT_solve only)inform%status  is not> O on entry.

2.5 Weighted leasté,-norms, scaled regularisation and preconditioning
The package may also be used to solve a weighted regularisatisté;-norm problem
min |W (Ax —b)||,+ 30(|Sx| 5

simply by solving instead the problem L
min |AX — bl + 3o]X]|3

whereA = WAS~! andb = Wb and then recovering= S~1X. Note the implication here th&must be non-singular.
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Thus on initial entry ifform%status = 1) and re-entryifformd%status = 4), U should containVb, while for
inform%status = 2 and 3 entries, the operations

U:=u+WAS v andv:i=v+S TATWTu

respectively, should be performed.

Note that the choice oV and S will affect the convergence of the method, and thus goodag®imay be used
to accelerate its convergence. This is often known as poétioning, but be aware that preconditioning changes the
norms that define the problem. Good preconditioners wilteluthe singular values éf around a few distinct values,
and ideally (but usually unrealistically) all the singulalues will be mapped to 1.

2.6 Further features

In this section, we describe an alternative means of settimjrol parameters, that is components of the variable
control  of typelL2RT_control _type (see Section 2.1.1), by reading an appropriate data spamficfile using the
subroutind 2RT_read _specfile . This facility is useful as it allows a user to charig@®T control parameters without
editing and recompiling programs that ce2RT.

A specification file, or specfile, is a data file containing a bemof "specification commands”. Each command
occurs on a separate line, and comprises a "keyword”, whialstring (in a close-to-natural language) used to identify
a control parameter, and an (optional) "value”, which defitiee value to be assigned to the given control parameter.
All keywords and values are case insensitive, keywords neggrbceded by one or more blanks but values must not
contain blanks, and each value must be separated from igkdyy at least one blank. Values must not contain more
than 30 characters, and each line of the specfile is limite8Dtoharacters, including the blanks separating keyword
and value.

The portion of the specification file used b3RT_read _specfile =~ must start with aBEGIN L2RT’ command and
end with an END command. The syntax of the specfile is thus defined as follows

( .. lines ignored by L2RT_read_specfile .. )
BEGIN L2RT
keyword value
keyword value
END
( .. lines ignored by L2RT read_specfile .. )

where keyword and value are two strings separated by (&) leas blank. The BEGIN L2RT’ and “END delimiter
command lines may contain additional (trailing) stringdmmy as such strings are separated by one or more blanks,
so that lines such as

BEGIN L2RT SPECIFICATION
and
END L2RT SPECIFICATION

are acceptable. Furthermore, between BEGIN L2RT’ and “END delimiters, specification commands may occur in
any order. Blank lines and lines whose first non-blank claras! or* are ignored. The content of a line aftef a
or* character is also ignored (as is ther * character itself). This provides an easy manner to "comrmetitsome
specification commands, or to comment specific values odicecbntrol parameters.

The value of a control parameters may be of three differgresynamely integer, logical or real. Integer and real
values may be expressed in any relevant Fortran integer@atihflj-point formats (respectively). Permitted values fo
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logical parameters aréON, " TRUE, ".TRUE. ", " T", " YES', " Y”, or "OFF’, "NCO, "N’, " FALSE’, " .FALSE. " and "F".
Empty values are also allowed for logical control paranst@nd are interpreted asRUE.

The specification file must be open for input whetRT read _specfile  is called, and the associated device
number passed to the routine in device (see below). Notettbatorresponding file iIREWIN®Rd, which makes it
possible to combine the specifications for more than onerprofjoutine. For the same reason, the file is not closed
by L2RT_read _specfile

2.6.1 To read control parameters from a specification file

Control parameters may be read from a file as follows:

CALL L2RT_read_specfile( control, device )

control  is a scalaiNTENT(INOUT) argument of typ&2RT_control _type (see Section 2.1.1). Default values should
have already been set, perhaps by callipRT_initialize . On exit, individual components abntrol  may
have been changed according to the commands found in th@lep&pecfile commands and the component
(see Section 2.1.1) @bntrol  that each affects are given in Table 2.1.

command component otontrol value type
error-printout-device Y%error integer
printout-device %out integer
print-level %print _level integer
minimum-number-of-iterations Y%itmin integer
maximum-number-of-iterations %itmax integer
maximum-number-of-inner-iterations %bitmax integer
number-extra-n-vectors-used Y%extra _vectors integer
relative-accuracy-required %stop _relative real
absolute-accuracy-required %stop _absolute real
fraction-optimality-required %fraction  _opt real
space-critical %space _critical logical
deallocate-error-fatal %deallocate _error _fatal logical

Table 2.1: Specfile commands and associated componectstiaf

device is a scalafNTENT(IN) argument of type defaulNTEGER that must be set to the unit number on which the
specfile has been opened.ddvice is not opengcontrol  will not be altered and execution will continue, but
an error message will be printed on uedhtrol%error

2.7 Information printed

If control%print  _level is positive, information about the progress of the alganitkill be printed on unitontrol-

%out. If control%print  _level = 1 , a single line of output will be produced for each iteratidritee process. So
long as the current estimate lies within the constraint lany this will include the iteration number, the norm of
the residualAx — b, the norm of the gradient, and the normxofA further message will be printed if the constraint
boundary is encountered during the current iteration. &aféer, the one-line summary will also record the value of

the Lagrange multiplieh = p+ GHXHS’Z\/HAX —bl|3+ W/|x||3, and the number of Newton steps required to find
If control%print ~ _level > 2, this output will be increased to provide significant detdi€ach iteration. This extra
output includes a complete history of the inner iteratiagquieed to solve the “bi-diagonal” least-squares subproble
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3 GENERAL INFORMATION

Use of common: None.
Workspace: Provided automatically by the module.

Other routines called directly: L2RT_solve calls the BLAS functiofROTG where* is S for the default real version
andD for the double precision version.

Other modules used directly: L2RT_solve calls theGALAHAD package SALAHADSYMBOLSGALAHADSPACE GA-
LAHADNORMSGALAHADROOTSGALAHADLSTR andGALAHADSPECFILE.

Input/output: Outputis under control of the argumentstrol%error  , control%out  andcontrol%print  _level
Restrictions: m>0,n>0,0>0, u>0, p> 2.

Portability: 1SO Fortran 95 + TR 15581 or Fortran 2003. The package is dhsafe.

4 METHOD

The required solutior necessarily satisfies the optimality conditiah(Ax — b) +Ax = 0, where

-2
A=t olx8 72/ l1Ax — bJ3+ plx|3

The method is iterative. Starting with the vectar= b, a bi-diagonalisation process is used to generate thergagto
anduy + 1 so that then by k matrix Vi = (v1...vk) and themby (k+ 1) matrix Uy = (us ... Ux+1) together satisfy

AV = Uy 1By and b = ||b||2Ux 11

whereBy is (k+ 1) by k and lower bi-diagonalJx andV have orthonormal columns argl is the first unit vector.
The solution sought is of the formk = Vyk, whereyy solves the bi-diagonal regularised least-squares problem

min||Byy — [[b]lewl2 + so]ly|l3. (4.1)
To minimize (4.1), the optimality conditions
(Bk (By(A) — [blley) +Ay(A) =0, (4.2)

where

A=u+ GIIV(A)IIE’*Z\/IIBWO\) — IblledflZ+ulyM)1i2

are used as the basis of an iteration. The veg{a) is equivalently the solution to the regularised least-segia

problem
Bk
(nfi )y-lotes]

Thus, given an estimate> 0, (4.3) may be efficiently solved to giwgA). It is then simply a matter of adjustirig
(for example by a Newton-like process) to solve the scalatinear equation

min (4.3)

6(A) = GHY(A)HSQ\/HBW(?\) — [Ibllea]|3 +ulyA)l3+u—A=0. (4.4)

In practice (4.4) is reformulated, and a more rapidly cogirey iteration is used. Having foung, a second pass in
which xx = Vyk is regenerated is needed—this need only be done xynhas implicitly deemed to be sufficiently
close to optimality. As this second pass is an additionakasp, a record is kept of the optimal objective function
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values for each value &f and the second pass is only performed so far as to ensurerafgiction of the final optimal
objective value. Large savings may be made in the secondoyadsoosing the required fraction to be significantly
smaller than one.

Special code is used in the special cpse 2 as in this case the equation (4.4) significantly simplifies.

References:A complete description of the underlying quadraticallgutarised least-squares problem is given by

C. C. Paige and M. A. Saunders, LSQR: an algorithm for spansan equations and sparse least squafdsM
Transactions on Mathematical Softwa8$1):43—71, 1982

and

C. C. Paige and M. A. Saunders, ALGORITHM 583: LSQR: an atyamifor sparse linear equations and sparse least
squaresACM Transactions on Mathematical Softwa8¢2):195-209, 1982.

Additional details on the Newton-like process needed temeineA and other details are described in

C. Cartis, N. I. M. Gould and Ph. L. Toint, Trust-region antiertregularisations of linear least-squares problems.
Technical Report RAL-TR-2008-005, Rutherford Appletorbbeatory, 2008.

5 EXAMPLE OF USE

Suppose we wish to solve a problem in 50 unknowns, whose slata i

1 1

A= andb =

50 1

with regularisation weightr = 1, shiftp= 0 and ordeip = 3. Suppose further that we are content with an approxima-
tion which is within 99% of the best. Then we may use the follaycode:

PROGRAM GALAHAD_L2RT_EXAMPLE ! GALAHAD 2.4 - 15/05/20010 A 14:15 GMT
USE GALAHAD L2RT DOUBLE I double precision version
IMPLICIT NONE

INTEGER, PARAMETER :: working = KIND( 1.0D+0 ) | set precisio n

REAL ( KIND = working ), PARAMETER :: one = 1.0_working

INTEGER, PARAMETER :: n =50, m =2 *n I problem dimensions
INTEGER :: i

REAL ( KIND = working ) :: p = 3.0_working I order of regulatisa tion
REAL ( KIND = working ) :: sigma = 1.0_working I regulatisatio n weight
REAL ( KIND = working ) :: mu = 0.0_working I zero shift

REAL ( KIND = working ), DIMENSION( n ) = X, V

REAL ( KIND = working ), DIMENSION( m ) :: U, RES

TYPE ( L2RT_data_type ) :: data

TYPE ( L2RT_control_type ) :: control

TYPE ( L2RT_inform_type ) :: inform

CALL L2RT initialize( data, control, inform ) ! Initialize control parameters
control%fraction_opt = 0.99 I Only require 99% of the best

U = one ! The term b is a vector of ones

inform%status = 1
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DO ! lteration to find the minimizer
CALL L2RT solve( m, n, p, sigma, mu, X, U, V, data, control, in form )
SELECT CASE( inform%status ) ! Branch as a result of inform%s tatus
CASE( 2) I Fomu <-u + A *v
U:n)=U(:n)+V I AT = (| diag(L:n) )
DOi=1n
Un+i)=Uln+i)+i*V(i)
END DO
CASE( 3) I Form v <- v + AT * u
V=V+U(:n)
DOi=1n
V(i)y=V(i)+i*U(n+i)
END DO
CASE ( 4) ! Restart
U = one I re-initialize u to b
CASE (0) I Successful return
RES = one I Compute the residuals for checking
RES(:n) =RES(:n)-X
DOi=1,n
RES(n+i)=RES(n+i)-i*X(i)
END DO
WRITE( 6, "( 1X, 10, ' 1st pass and ', 10, ' 2nd pass iterations’ ))&
inform%iter, inform%iter_pass2
WRITE( 6, "( ' objective recurred and calculated = ', 2ES16.8 )" ) &
inform%obj, SQRT( DOT_PRODUCT( RES, RES ) + &
mu * SQRT( DOT_PRODUCT( X, X ) ) *® 2 ) + ( sigma / p ) * &
( SQRT( DOT_PRODUCT( X, X ) ) ) * p
WRITE( 6, "( ' |Ix|]| recurred and calculated = ', 2ES16.8 )" ) &
inform%x_norm, SQRT( DOT_PRODUCT( X, X ) )
WRITE( 6, "( " ||Ax-b|| recurred and calculated = ', 2ES16.8 ) ") &
inform%r_norm, SQRT( DOT_PRODUCT( RES, RES ) )
CALL L2RT_terminate( data, control, inform ) ! delete inter nal workspace
EXIT
CASE DEFAULT I Error returns
WRITE( 6, "( ' L2RT_solve exit status = ', 16 ) " ) inform%statu S
CALL L2RT_terminate( data, control, inform ) ! delete inter nal workspace
EXIT
END SELECT
END DO

END PROGRAM GALAHAD_L2RT_EXAMPLE

This produces the following output:

58 1st pass and 19 2nd pass iterations

objective recurred and calculated =  6.79093482E+00 6.7909 3482E+00
|Ix|]] recurred and calculated =  6.55966193E-01 6.55966193 E-01
||Ax-b|| recurred and calculated =  6.69684923E+00 6.69684 923E+00
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