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1 SUMMARY

Given realn by n symmetric matrice$d andM (with M diagonally dominant), , another red by n matrix A, a
realn vectorc and scalarg > 0, p > 2 andf, this package finds aapproximate minimizer of the regularised
quadratic objective function 3x"Hx 4-cTx + f + %GHXH,&, where the vector x may additionally be required to

satisfy Ax= 0, and where thé-norm ofx is |||y = V'XTMx. This problem commonly occurs as a subproblem in
nonlinear optimization calculations. The matkikneed not be provided in the commonly-occurripgegularisation
case for whictM = I, then by nidentity matrix.

Factorization of matrices of the forkh + AM—or

;
(H—;\)\M A0 ) L.1)

in cases wherdx = 0 is imposed—for a succession of scalarill be required, so this package is most suited for
the case where such a factorization may be found efficielttiis is not the case, the packa@G& AHAD_GLRT may
be preferred.

ATTRIBUTES — Versions: GALAHAD_RQS_si ngl e, GALAHAD_RQS_doubl e. Uses:GALAHAD_CLOCK, GALAHAD_SYM
BOLS, GALAHAD_SPACE, GALAHAD_RAND, GALAHAD_NORVS, GALAHAD_ROOTS, GALAHAD_SPECFI LE, GALAHAD_SLS, GALA-
HAD_| R, GALAHAD_MOP Date: November 20080rigin: N. 1. M. Gould, H. S. Thorne, Rutherford Appleton Laboratory

and D. P. Robinson, Oxford University.anguage: Fortran 95 + TR 15581 or Fortran 200Rarallelism: Some
options may use OpenMP and its runtime library.

2 HOW TO USE THE PACKAGE

Access to the package requiredSk statement such as

Single precision version
USE GALAHAD_RQS_si ngl e

Double precision version
USE GALAHAD_RQS_doubl e

Ifitis required to use both modules at the same time, theveétypesSMI_TYPE, RQS_cont r ol _t ype, RQS_hi story_-
type, RQS.i nf ormtype, RQS_dat a_t ype, (Section 2.4) and the subroutinB&S_i niti al i ze, RQ5_sol ve, RQ5_-
t erm nat e (Section 2.5) an®Q_r ead_specfi | e (Section 2.7) must be renamed on one ofWBE statements.

2.1 Matrix storage formats

The matricedd and (if requiredM andA may be stored in a variety of input formats.
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2.1.1 Dense storage format

The matrixH is stored as a compact dense matrix by rows, that is, the valuthe entries of each row in turn are
stored in order within an appropriate real one-dimensianaly. SinceH is symmetric, only the lower triangular part
(that is the part;; for 1 < j <i < n) need be held. In this case the lower triangle should be dtoyaows, that is
componenix (i —1)/2+ j of the storage arrayval will hold the valueh;; (and, by symmetryh;i) for 1< j <i<n.
The same is true favl if it is used. IfA is used, the entire matrix must be supplied, and compamefit— 1) + j of
the storage arraf®val will hold the valuea;j fori=1,....m, j=1,...,n.

2.1.2 Sparse co-ordinate storage format

Only the nonzero entries of the matrices are stored. Fdrthentry ofH, 1 < j <i <n, its row indexi, column index
j and valuen;j are stored in theth components of the integer arrays ow, Hgol and real arrayval , respectively.
Note that only the entries in the lower triangle should beestoThe same scheme may be usedMdf it is required.
If A is used, the entire matrix must be supplied using the saneselin the integer array®4 ow, A%ol and real
arrayAWal .

2.1.3 Sparse row-wise storage format

Again only the nonzero entries are stored, but this time #reyordered so that those in rowappear directly before
those in rowi + 1. For thei-th row of H, thei-th component of the integer arréypt r holds the position of the first
entry in this row, whileA%t r (m+ 1) holds the total number of entries plus one. The column irdjcéd < j </,

and valuesj of the entries in thé-th row are stored in componerits- Hptr (i), ... Htr (i+1) — 1 of the integer
arrayH¥%ol , and real arrayPval , respectively. Note that as before only the entries in thestariangle should be
stored. For sparse matrices, this scheme almost alwaysesdess storage than its predecessor. This scheme may
also be used fov andA if they are required, excepting that fArthe whole matrix must be stored.

2.1.4 Diagonal storage format

If H is diagonal (i.e.hjj = 0 for all 1 <i # j < n) only the diagonals entrids;, 1 <i < n, need be stored, and the first
n components of the arrafval may be used for the purpose. The same appli® tbit is required. This scheme is
inappropriate and thus unavailable for

2.2 Integer kinds

We use the term longNTEGER to denotd NTEGER( ki nd=l ong) , wherel ong = sel ect ed.i nt _ki nd(18)).

2.3 OpenMP

OpenMP may be used by ti#L AHAD_RQS package to provide parallelism for some solver options areth memory
environments. See the documentatiuon for@#e AHAD packageSsLS for more details. To run in parallel, OpenMP
must be enabled at compilation time by using the correct denffag (usually some variant ebpennp). The number
of threads may be controlled at runtime by setting the envivent variabléOvP_NUM THREADS.

The code may be compiled and run in serial mode.

2.4 The derived data types

Six derived data types are accessible from the package.
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2.4.1 The derived data type for holding matrices

The derived data typ8MI_TYPE is used to hold the matricés and perhap®l and/orA. The components &M _TYPE
used here are:

m is a scalar component of type defaulTEGER, that holds the number of rows in the matrix.
n is a scalar component of type defaulTEGER, that holds the number of columns in the matrix.
ne s ascalar variable of type defallNTEGER, that holds the number of matrix entries.

type is a rank-one allocatable array of type defalHARACTER, that is used to indicate the matrix storage scheme
used. Its precise length and content depends on the typetdkitmebe stored.

val is arank-one allocatable array of type defa&iHAL (double precision iftALAHAD_RQS_doubl €) and dimension
at leastne, that holds the values of the entries. Each pair of off-di@j@ntrieshjj = hj; of the symmetric
matrix H is represented as a single entry (see §2.1.1-2.1.3). Anlcdtgad entries that appear in the sparse
co-ordinate or row-wise schemes will be summed.

row is arank-one allocatable array of type defalNTEGER, and dimension at leasg, that may hold the row indices
of the entries. (see §2.1.2).

col is a rank-one allocatable array of type defdWNTEGER, and dimension at least, that may hold the column
indices of the entries (see §2.1.2-2.1.3).

ptr is a rank-one allocatable array of type defdlNFEGER, and dimension at least + 1, that may holds the
pointers to the first entry in each row (see §2.1.3).

2.4.2 The derived data type for holding control parameters

The derived data typRQS_cont r ol _t ype is used to hold controlling data. Default values may be olet@dby calling
RQS.initialize (see Section 2.5.1). The component®@8_cont r ol _t ype are:

error is a scalar variable of type defalNTEGER, that holds the stream number for error messages. Printiegar
messages iRQS_sol ve andRQS_t er ni nat e is suppressed Brror < 0. The defaultierror = 6.

out is a scalar variable of type defaliNTEGER, that holds the stream number for informational messagéstiriy
of informational messages RS _sol ve is suppressed dut < 0. The defaultiout = 6.

print_l evel is a scalar variable of type defalllNTEGER, that is used to control the amount of informational output
which is required. No informational output will occurpkint 1evel <O0. If print_level = 1 asingle line
of output will be produced for each iteration of the procdésqrint _| evel > 2 this output will be increased
to provide significant detail of each iteration. The deféaftri nt _| evel = 0.

dense_factorization is a scalar variable of type defaulNTEGER, that is used to indicate whether the problem
should be treated as dense and solved using dense-fatiorimeethods. Possible values are:
0 the problem should be considered as sparse.
1 the problem should be considered as dense.
ot her the algorithm will decide whether to treat the problem asseeor sparse depending on its dimension
and the sparsity of the matrices involved.

The default islense_f act ori zati on = 0.
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new_h is a scalar variable of type defalllNTEGER, that is used to indicate hot has changed (if at all) since the
previous call td(RQS_sol ve. Possible values are:

0 H is unchanged.

1 the values irH have changed, but its nonzero structure is as before.
2 both the values and structureldfhave changed.

The default imew_h = 2.

new._m is a scalar variable of type defalNTEGER, that is used to indicate ho (if required) has changed (if at all)
since the previous call tRQS_sol ve. Possible values are:

0 M is unchanged.
1 the values irM have changed, but its nonzero structure is as before.
2 both the values and structureldf have changed.

The default imew.m = 2.

new.a is a scalar variable of type defallNTEGER, that is used to indicate how (if required) has changed (if at all)
since the previous call RQS_sol ve. Possible values are:

0 Ais unchanged.
1 the values imA have changed, but its nonzero structure is as before.
2 both the values and structureAfhave changed.

The default imew.a = 2.

max_factori zati ons is a scalar variable of type defallNTEGER, that holds the maximum number of factorizations
which will be permitted. Ifrax_fact orizations is set to a negative number, there will be no limit on the
number of factorizations allowed. The defaultésx_f act ori zations = - 1.

i nverse_i t max is a scalar variable of type defalllNTEGER, that holds the maximum number of inverse iterations
which will be allowed per step when estimating the leftmageavalue irRQS_sol ve. If i nver se_i t max is set
to a non-positive number, it will be reset BgS_sol ve to 2. The defaultisnverse_itmax = 2.

tayl or _max_degr ee is ascalar variable of type defaUNTEGER, that specifies the maximum degree of Taylor approx-
imant that will be used to approximate the secular functibemtrying to improve\; a first-degree approximant
results in Newton’s method. The higher the degree, thetiatteeneral the improvement, but the larger the cost.
Thus there is a balance between many cheap low-degree apgras and a few more expensive higher-degree
ones. Our experience favours higher-degree approxim@hts default ig ayl or _max_degree = 3, which is
the highest degree currently supported.

initial _nultiplier is a scalar variables of typeEAL (double precision ifGALAHAD_RQS_doubl e), that should
be set to an initial estimate of the required multipler (see Section 4). The algorithm will only use this
value if%se_initial _multiplier is set. TRUE. (see below), and otherwise will be resetRg6 sol ve. A
good initial estimate may sometimes dramatically imprdwe performance of the package. The default is
initial _multiplier =0.0.

| ower is a scalar variables of typREAL (double precision irGALAHAD_RQS_doubl e), that holds the value of any
known lower bound on the required multipligr. A good lower bound may sometimes dramatically improve
the performance of the package, but an incorrect value ntigihse the method to fail. Thus resettirayer
from its default should be used with caution. The defaultoiser = - HUGE( 1. 0) (- HUGE( 1. 0D0) in GALA-
HAD_RQS_doubl e).
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upper is a scalar variables of typeEAL (double precision irGALAHAD_RQS_doubl €), that holds the value of any
known upper bound on the required multiplier. A good upper bound may sometimes dramatically improve
the performance of the package, but an incorrect value naigige the method to fail. Thus resettimqper
from its default should be used with caution. The defaultpper = HUGE(1.0) (HUGE(1.0D0) in GALAH
AD_RQS_doubl e).

stop_normal andst op_har d are scalar variables of tyEAL (double precision iftALAHAD_RQS_doubl e), that hold
values for the standard convergence tolerances of the chgde® Section 4). In particular, the method is
deemed to have converged when the computed solutamd its multiplierA satisfy ||x||y — (A/o)Y(P=2) <
stop_nor mal *max(L,||x||m,(A/0)Y(P=2)) or A, — A, < stop_hard * max(1,|A.|,|A,|), whereA, andA, are
computed lower and upper bounds on the optimal multidlierThe defaults aret op_normal = stop_hard
= u®75, whereu is EPSI LON( 1. 0) (EPSI LON( 1. 0D0) in GALAHAD_RQS_doubl e).

start_invit_tol isa scalarvariable of typREAL (double precision ifBALAHAD_RQS_doubl e), that holds the value
of the starting tolerance for inverse iteration. Specifigahverse iteration is started as soonXas— A, <
start_invit_tol = max]A.|,|A\]), whereA, andA, are computed lower and upper bounds on the optimal
multiplier A.. The defaultistart _invit tol = 0.5.

start_invitmax_tol is a scalar variables of tydREAL (double precision irGALAHAD_RQS_doubl e), that holds the
value of the starting tolerance for full inverse iteratioBpecifically, Specificallyj nverse_i t max steps of
inverse iteration are started as soorh\gs- A, < start_i nvitmax_tol = max(|A_[,|A|), whereA_ andA, are
computed lower and upper bounds on the optimal multiplierThe default istart _i nvit max_tol = 0. 1.

use_initial _multiplier isa scalarvariable of type defalldG CAL, that may be setTRUE. if the user wishes to
use the value of initial multiplier supplied ¥ nitial _mul tiplier, and. FALSE. if the initial value will be
chosen automatically. The defaultise_i nitial _multiplier = .FALSE .

initialize_approx_ei genvector is a scalar variable of type defallod CAL, that be should setTRUE. if the
user wishes the package to choose an initial estimate ofigieeneector corresponding to the leftmost eigen-
value of the matrix penci(H,M) in the null-space ofA. If the eigenvector corresponding to the previous
problem (if any) might be useful,ni tial _approx_ei genvect or should be set FALSE.. The default is
initialize_approx_eigenvector = . TRUE. .

space_critical isa scalarvariable of type defallfd CAL, that may be setTRUE. if the user wishes the package
to allocate as little internal storage as possible, @l SE. otherwise. The package may be more efficient if
space_critical isset. FALSE. . The defaultispace_critical = .FALSE. .

deal | ocate_error _fatal isa scalarvariable of type defauldG CAL, that may be setTRUE. if the user wishes the
package to return to the user in the unlikely event that aariatl array deallocation fails, an&ALSE. if the
package should be allowed to try to continue. The defaulé#s| ocat e_error fatal = . FALSE. .

symetric_linear_sol ver is a scalar variable of type defallHARACTER and length 30, that specifies the exter-
nal package to be used to solve any symmetric linear systamntight arise. This will only be used if
constraintsAx = 0 are imposed. Current possible choices ‘asel s’ , ' ma27', ' nma57', 'ma77’, ' ma86’,
"pardiso’ and’ wsnp' . See the documentation for tBALAHAD packagesLsS for further details. The default
issymetric_linear_solver = 'sils’.

definite_linear_sol ver is a scalar variable of type defa@@ARACTER and length 30, that specifies the external
package to be used to solve any symmetric positive-defiiméat system that might arise. Current possible
choices aresils’, ' ma27' ,’ ma57', ma77',’ ma86’ ,’ ma87', ' pardi so’ and’' wsnp’. See the documenta-
tion for theGALAHAD packagesLS for further details. The default definite_l i near _sol ver = "sils’.

prefix is a scalar variable of type defaARACTER and length 30, that may be used to provide a user-selected
character string to preface every line of printed outpuedirally, each line of output will be prefaced by the
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stringprefi x(2: LEN(TRI M prefi x))-1), thus ignoring the first and last non-null components of tigptied
string. If the user does not want to preface lines by suchimgstthey may use the defagltefix = ""

SLS_control isascalar variable of tyg&.S_cont r ol _t ype that is used to control various aspects of the factorization
packagesLS. See the documentation fGALAHAD_SLS for more details.

IRcontrol is a scalar variable of typeR control _type that is used to control various aspects of the iterative
refinement packadeR. See the documentation fGALAHAD_| R for more details.
2.4.3 The derived data type for holding history information

The derived data typRQS_hi st or y_t ype is used to hold the value d&(A)||m, wherex(A) satisfiesH +AM)x(A) =
—candAx(A) = 0 for a specific\ arising during the computation. The componentB@_hi st ory_t ype are:

| anbda is a scalar variable of type defatdAL (double precision iftALAHAD_RQS_doubl e), that gives the valuk.

x_norm is a scalar variable of type defalAL, that gives the corresponding vallseA)||m-

2.4.4 The derived data type for holding timing information

The derived data typRQS_t i me_t ype is used to hold elapsed CPU and system clock times for theuapgarts of the
calculation. The components BS_ti nme_t ype are:

total is a scalar variable of type defat¥AL (double precision ifsALAHAD_RQS_doubl e), that gives the total CPU
time spent in the package.

assenbl e is a scalar variable of type defalidEAL (double precision ifsALAHAD_RQS_doubl e), that gives the CPU
time spent assembling the matrix (1.1) from its constitysemts.

anal yse is a scalar variable of type defallEAL (double precision irGALAHAD_RQS_doubl e), that gives the CPU
time spent analysing required matrices prior to factoidrat

factorize is a scalar variable of type defalEAL (double precision ifGALAHAD_RQS_doubl e), that gives the CPU
time spent factorizing the required matrices.

sol ve is a scalar variable of type defalEAL (double precision ifGALAHAD_RQS_doubl e), that gives the CPU time
spent using the factors to solve relevant linear equations.

clock_total isascalarvariable of type defaB®AL (double precision itALAHAD_RQS_doubl e), that gives the total
elapsed system clock time spent in the package.

cl ock_assenbl e is a scalar variable of type defalEAL (double precision iftALAHAD_RQS_doubl e), that gives the
elapsed system clock time spent assembling the matrix ffbih)its constituent parts.

cl ock_anal yse is a scalar variable of type defalEAL (double precision ifcALAHAD_RQS doubl e), that gives the
elapsed system clock time spent analysing required matfpiger to factorization.

clock_factorize isascalar variable of type defaBEAL (double precision ittALAHAD_RQS_doubl e), that gives the
elapsed system clock time spent factorizing the requiretices.

cl ock_sol ve is a scalar variable of type defalREAL (double precision irGALAHAD_RQS_doubl e), that gives the
elapsed system clock time spent using the factors to soleeart linear equations.
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2.4.5 The derived data type for holding informational parameters

The derived data typRQS_i nf or mt ype is used to hold parameters that give information about thgneiss and needs
of the algorithm. The componentsRES_i nf or mt ype are:

status is a scalar variable of type defalNTECGER, that gives the current status of the algorithm. See Se2ti®for
details.

al | oc_status is ascalar variable of type defalINTEGER, that gives the status of the last internal array allocation
deallocation. This will be O itatus = 0.

bad_al | oc is a scalar variable of type defa@HARACTER and length 80, that gives the name of the last internal array
for which there were allocation or deallocation errors.shill be the null string ifst at us = 0.

factorizations is a scalar variable of type defallNTEGER, that gives the number of factorizations of the matrix
(1.1) for different\, performed during the calculation.

max_entries_factors is a scalar variable of type defalNTECER, that gives the maximum number of entries in any
of the matrix factorizations performed during the calcolat

I 'en_history is a scalar variable of type defalNTEGER, that gives the number @h, ||x(A)||m) pairs encountered
during the calculation.

obj is a scalar variable of type defalEAL (double precision ilftALAHAD_RQS_doubl e), that holds the value of the
objective functionx"Hx + cTx + f.

mul tiplier isascalarvariable of type defaBEAL (double precision ittALAHAD_RQS_doubl e), that holds the value
of the Lagrange multipliek associated with the regularisation.

x_norm is a scalar variable of type defatEAL (double precision ifGALAHAD_RQS_doubl e), that holds the value of
[1X[Im-

pol e is a scalar variable of type defalfEAL (double precision iftALAHAD_RQS_doubl ), that holds a lower bound
on max0,—A1), wherelq is the left-most eigenvalue of the matrix pen¢il, M).

hard_case is a scalar variable of type defall©d CAL, that will be. TRUE. if the “hard-case” has occurred (see
Section 4) and FALSE. otherwise.

time is a scalar variable of typRQS_t i ne_t ype whose components are used to hold elapsed CPU and systein cloc
times for the various parts of the calculation (see Sectidmi2.

hi story is an array argument of dimensidan_hi st ory and typeRQS_hi st ory_t ype that contains a list of pairs
(A, |IX(A)]|m) encountered during the calculation (see Section 2.4.3).

SLS.i nf or m is a scalar variable of typg®.S_i nf or mt ype, that holds informational parameters concerning the analy
sis, factorization and solution phases performed by@hEAHAD sparse matrix factorization packa§es. See
the documentation for the packa§eS for details of the derived typ&LS_i nf or m.t ype.

| R nf orm is a scalar variable of typeR_i nf or m.t ype, that holds informational parameters concerning thetitera
refinement subroutine contained in thRLAHAD refinement packager. See the documentation for the package
| Rfor details of the derived typleR_i nf or mt ype.

2.4.6 The derived data type for holding problem data

The derived data typ8QS_dat a_t ype is used to hold all the data for a particular problem betwesadls ©f RQS
procedures. This data should be preserved, untouched,tfrernmitial call toRQS.i niti al i ze to the final call to
RQS_term nate.
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2.5 Argument lists and calling sequences

There are three procedures for user calls (see SectionXrfoer features):

1. The subroutin®._i nitialize is used to set default values and initialize private data.
2. The subroutin®Q_sol ve is called to solve the problem.

3. The subroutin®Q5_t er mi nat e is provided to allow the user to automatically deallocatayacomponents of
the private data, allocated S sol ve, at the end of the solution process.

We use square brackdts] to indicateOPTI ONAL arguments.

2.5.1 The initialization subroutine

Default values are provided as follows:
CALL RQs.initialize( data, control, inform)

dat a is a scalat NTENT( | NOUT) argument of typdRQS_dat a_t ype (see Section 2.4.6). It is used to hold data about
the problem being solved.

control isascalal NTENT( QUT) argument of typ&QS_cont r ol _t ype (see Section 2.4.2). On exignt r ol contains
default values for the components as described in Sect2.2These values should only be changed after
callingRQS.ini tiali ze.

i nform is a scalarl NTENT( QUT) argument of typeRQS.i nf ormtype (see Section 2.4.5). A successful call to
RQS.initialize is indicated when the componesitat us has the value 0. For other return valuestdt us,
see Section 2.6.

2.5.2 The optimization problem solution subroutine
The optimization problem solution algorithm is called aldfws:

CALL R@Ssolve( n, p, sigm, f, C, H X data, control, infornf, M A )

n is a scalafl NTENT(I N) argument of type defaultNTEGER, that must be set to the number of unknowns,
Restriction: n> 0.

p is a scalat NTENT(I N) variable of type defauREAL (double precision ifSALAHAD_RQS_doubl e), that must be set
on initial entry to the order of the regularisatign,Restriction: p > 2.

si gma is a scalat NTENT(I N) variable of type defauREAL (double precision iftALAHAD_RQS_doubl e), that must be
set on initial entry to the value of the regularisation wejgh Restriction: ¢ > 0.

f is a scalaf NTENT(I N) variable of type defauREAL (double precision ittALAHAD_RQS_doubl e), that holds the
scalar valug for the objective function.

C is an arrayl NTENT( I N) argument of dimension and type defaulREAL (double precision irfGALAHAD_RQS -
doubl e), whosei-th entry holds the componeqtof the vectorc for the objective function.

H is scalarn NTENT(1 N) argument of type&MI_TYPE that holds the Hessian matrik. The following components
are used here:
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HY% ype is an allocatable array of rank one and type def@HRRACTER, that is used to indicate the storage
scheme used. If the dense storage scheme (see Section®uséjl, the first five componentstdfi ype
must contain the strinBENSE. For the sparse co-ordinate scheme (see Section 2.1.Z)tghten com-
ponents ofH% ype must contain the strin@OORDI NATE, for the sparse row-wise storage scheme (see
Section 2.1.3), the first fourteen componentsidfype must contain the strin§PARSE_BY_ROWS, and for
the diagonal storage scheme (see Section 2.1.4), the fifst @mponents of% ype must contain the
string Dl AGONAL.

For convenience, the proced@dl_put may be used to allocate sufficient space and insert the estjuir
keyword intoH% ype. For example, if we wish to stod using the co-ordinate scheme, we may simply

CALL SMT_put( H% ype, ' COORDI NATE' )

See the documentation for tiiALAHAD packageSMr for further details on the use 8V _put .

H/ie is a scalar variable of type defallNTEGER, that holds the number of entries in tlosver triangular part
of H in the sparse co-ordinate storage scheme (see Section. dtlh2ed not be set for any of the other
three schemes.

Haval is a rank-one allocatable array of type def&RHAL (double precision irGALAHAD_RQS_doubl e), that
holds the values of the entries of tlwsver triangular part of the Hessian matrid in any of the storage
schemes discussed in Section 2.1.

H% ow is a rank-one allocatable array of type defalWTEGER, that holds the row indices of thewer triangu-
lar part ofH in the sparse co-ordinate storage scheme (see Sectio 2t h&ed not be allocated for any
of the other three schemes.

H¥gol is a rank-one allocatable array variable of type defaNREGER, that holds the column indices of the
lower triangular part ofH in either the sparse co-ordinate (see Section 2.1.2), @phese row-wise (see
Section 2.1.3) storage scheme. It need not be allocated thleethense or diagonal storage schemes are
used.

H/pt r is a rank-one allocatable array of dimensieii and type default NTEGER, that holds the starting posi-
tion of each row of théower triangular part ofH, as well as the total number of entries plus one, in the
sparse row-wise storage scheme (see Section 2.1.3). Itmeédx allocated when the other schemes are
used.

X is an arrayl NTENT( QUT) argument of dimension and type defaulREAL (double precision isALAHAD_RQS.-
doubl e), that holds an estimate of the solutiwof the problem on exit.

dat a is a scalatt NTENT( | NOUT) argument of typdrQS_dat a_t ype (see Section 2.4.6). Itis used to hold data about
the problem being solved. It must not have been altbyetthe usersince the last call tRQS.initi al i ze.

control is a scalat NTENT(IN) argument of typd&QS_control _t ype. (see Section 2.4.2). Default values may be
assigned by callin@QS_i ni ti al i ze prior to the first call tdRQ@S_sol ve.

i nform is a scalad NTENT( | NOUT) argument of typeRQS.i nf or mt ype (see Section 2.4.5). On initial entry, the
componenst at us must be setté. The remaining components need not be set. A successfub&gibtsol ve
is indicated when the componesitat us has the value 0. For other return valuestdt us, see Section 2.6.

M is an OPTI ONAL scalarl NTENT(I N) argument of typeSMI_TYPE that holds the diagonally dominant scaling
matrix M. It need only be set iM = | and in this case the following components are used:

M/ ype is an allocatable array of rank one and type def@HRRACTER, that is used to indicate the storage
scheme used. If the dense storage scheme (see Section2usél, the first five componentsidfi ype
must contain the strinBENSE. For the sparse co-ordinate scheme (see Section 2.1.Z)rghin com-
ponents of\Wi ype must contain the strin@OORDI NATE, for the sparse row-wise storage scheme (see
Section 2.1.3), the first fourteen componentdfifype must contain the strin§PARSE_BY_ROAS, and for

All use is subject to licence. Sebttp://gal ahad. rl. ac. uk/ gal ahad- ww/ cou. htm .
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the diagonal storage scheme (see Section 2.1.4), the fifst @mponents of?4 ype must contain the
string DI AGONAL.

For convenience, the proced @l _put may be used to allocate sufficient space and insert the esfjuir
keyword intoM/4 ype. For example, if we wish to stod using the co-ordinate scheme, we may simply

CALL SMT_put( M ype, 'COORDI NATE' )

See the documentation for tBALAHAD packageSMT for further details on the use 8V _put .

Me is a scalar variable of type defallNTEGER, that holds the number of entries in toaver triangular part
of M in the sparse co-ordinate storage scheme (see Section. dtlhed not be set for any of the other
three schemes.

Maval is a rank-one allocatable array of type defdRHAL (double precision irGALAHAD_RQS doubl e), that
holds the values of the entries of tloaver triangular part of the scaling matrii in any of the storage
schemes discussed in Section 2.1.

M/ ow is a rank-one allocatable array of type defAWNTECER, that holds the row indices of tHewer triangu-
lar part ofM in the sparse co-ordinate storage scheme (see Sectiol. 2t h@ed not be allocated for any
of the other three schemes.

Mgol is a rank-one allocatable array variable of type defaNREGER, that holds the column indices of the
lower triangular part ofM in either the sparse co-ordinate (see Section 2.1.2), aphiese row-wise (see
Section 2.1.3) storage scheme. It need not be allocated thieethense or diagonal storage schemes are
used.

Mfpt r is a rank-one allocatable array of dimensioii and type default NTEGER, that holds the starting posi-
tion of each row of théower triangular part ofM, as well as the total number of entries plus one, in the
sparse row-wise storage scheme (see Section 2.1.3). Itmeedx allocated when the other schemes are
used.

If Mis absent, thé>-norm,||x||2 = V'xTx, will be employed.

is anOPTI ONAL scalarl NTENT( 1 N) argument of typ&MI_TYPE that holds the constraint matri. It need only
be set if the constrainx = 0 are required, and in this case the following components sed:u

A% ype is an allocatable array of rank one and type def@HRRACTER, that is used to indicate the storage
scheme used. If the dense storage scheme (see Section2uséy, the first five componentsAsh ype
must contain the strinBENSE. For the sparse co-ordinate scheme (see Section 2.1.Z)rgheen com-
ponents ofA% ype must contain the strin@OORDI NATE, for the sparse row-wise storage scheme (see
Section 2.1.3), the first fourteen componenta%fype must contain the strin§PARSE_BY_RO\S.

For convenience, the proced @l _put may be used to allocate sufficient space and insert the esfjuir
keyword intoA% ype. For example, if we wish to stor using the co-ordinate scheme, we may simply

CALL SMT_put( A% ype, 'COORDI NATE )
See the documentation for tBALAHAD packageSMT for further details on the use 8V _put .

A% is a scalar variable of type defalNTEGER, that holds the number of rows &f

A%ne is a scalar variable of type defalUNTEGER, that holds the number of entriesAnin the sparse co-ordinate
storage scheme (see Section 2.1.2). It need not be setHer eitthe other schemes.

AWval is a rank-one allocatable array of type defeRHAL (double precision irGALAHAD_RQS_doubl e), that
holds the values of the entries of the constraint mafi any of the storage schemes discussed in
Section 2.1.

A% ow is a rank-one allocatable array of type defdWNTEGER, that holds the row indices & in the sparse
co-ordinate storage scheme (see Section 2.1.2). It nedzkradtocated for either of the other schemes.
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A%ol is arank-one allocatable array variable of type defBNREGER, that holds the column indices éfin
either the sparse co-ordinate (see Section 2.1.2), or Hreespow-wise (see Section 2.1.3) storage scheme.
It need not be allocated when the dense storage scheme is used

AYptr is a rank-one allocatable array of dimensim+1 and type default NTEGER, that holds the starting
position of each row of\, as well as the total number of entries plus one, in the spameavise storage
scheme (see Section 2.1.3). It need not be allocated wheatltbeschemes are used.

2.5.3 The termination subroutine

All previously allocated arrays are deallocated as foltows
CALL RQS_terninate( data, control, inform)

dat a is a scalal NTENT( | NOUT) argument of typ&RQS_dat a_t ype exactly as folRQS_sol ve that must not have been
alteredby the usersince the last call tBQS.i ni ti al i ze. On exit, array components will have been deallocated.

control isa scalaf NTENT(I N) argument of typ&QS_cont r ol _t ype exactly as folRQS_sol ve.

i nf orm is a scalat NTENT( OUT) argument of typ&QS_i nf or mt ype exactly as foRQS_sol ve. Only the component
st at us will be set on exit, and a successful callR@5_t er ni nat e is indicated when this componestitat us
has the value 0. For other return valuesbét us, see Section 2.6.

2.6 Warning and error messages

A negative value of nf or n¥st at us on exit fromRQS_sol ve or RQS_t er ni nat e indicates that an error might have
occurred. No further calls should be made until the errodesesn corrected. Possible values are:

-1. Anallocation error occured. A message indicating the affieg array is written on unitont r ol %er r or, and the
returned allocation status and a string containing the nanttee offending array are held imf or n#@l | oc_-
stat us andi nf or n¥bad_al | oc, respectively.

-2. Adeallocation error occured. A message indicating themafiieg array is written on unitont r ol %r r or and the
returned allocation status and a string containing the nainttee offending array are held imf or n#@l | oc_-
stat us andi nf or n¥bad_al | oc, respectively.

-3. (R@.sol ve only) One of the restrictions > 0,p > 2 orsigma > 0 has been violated.
-9. (R@.sol ve only) The analysis phase of the factorization of the mattig ) failed.

-10. (RQS_sol ve only) The factorization of the matrix (1.1) failed.

-15. (RQS_sol ve only) The matrixM appears not to be diagonally dominant.

-16. (RQS_sol ve only) The problem is so ill-conditioned that further proggés impossible.

-18. (RQS_sol ve only) Too many factorizations have been required. This nagplen ifcont r ol %vax_f act ori zati ons
is too small, but may also be symptomatic of a badly scaletllpro.
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2.7 Further features

In this section, we describe an alternative means of settimjrol parameters, that is components of the variable
control of typeRQ@_control _type (see Section 2.4.2), by reading an appropriate data spficfile using the
subroutineRQS_r ead_specfi | e. This facility is useful as it allows a user to charig@ control parameters without
editing and recompiling programs that c&(lS.

A specification file, or specfile, is a data file containing a bemof "specification commands”. Each command
occurs on a separate line, and comprises a "keyword”, whialstring (in a close-to-natural language) used to identify
a control parameter, and an (optional) "value”, which defitree value to be assigned to the given control parameter.
All keywords and values are case insensitive, keywords neggrbceded by one or more blanks but values must not
contain blanks, and each value must be separated from igkdyy at least one blank. Values must not contain more
than 30 characters, and each line of the specfile is limit&@Dtoharacters, including the blanks separating keyword
and value.

The portion of the specification file used BgS_r ead_specfi | e must start with a BEG N RQS” command and
end with an END’ command. The syntax of the specfile is thus defined as follows

(.. lines ignored by RQS read_specfile .. )
BEG N RQS
keywor d val ue
keywor d val ue
END
( .. lines ignored by RQS read_specfile .. )

where keyword and value are two strings separated by (a) leas blank. The BEG N RQS” and “END’ delimiter
command lines may contain additional (trailing) stringdmmy as such strings are separated by one or more blanks,
so that lines such as

BEG N RQS SPECI FI CATI ON
and
END RQS SPEC!I FI CATI ON

are acceptable. Furthermore, between 8#3'N RQS” and “END” delimiters, specification commands may occur in
any order. Blank lines and lines whose first non-blank chtaras! or* are ignored. The content of a line after a
or* character is also ignored (as is ther * character itself). This provides an easy manner to "comrmetitsome
specification commands, or to comment specific values odicecbntrol parameters.

The value of a control parameters may be of three differgresynamely integer, logical or real. Integer and real
values may be expressed in any relevant Fortran integer@atihflj-point formats (respectively). Permitted values fo
logical parameters areéX’, " TRUE”, ”. TRUE. ”, " T", " YES", " Y", or "OFF", "NO", " N’, " FALSE", ”. FALSE. " and "F".
Empty values are also allowed for logical control paranst@nd are interpreted asRUE”.

The specification file must be open for input wh¥_r ead_specfi | e is called, and the associated device number
passed to the routine in device (see below). Note that theegponding file iSREW NDed, which makes it possible
to combine the specifications for more than one progranifreutFor the same reason, the file is not closed by
RQS_read_specfil e.

Control parameters corresponding to the comportri<ont rol andl R.cont rol may be changed by including
additional sections enclosed bBEG N SLS” and “END SLS”, and “BEG N | R" and “END | R’, respectively. See the
specification sheets for the packa@sAHAD_SLS andGALAHAD_| R for further details.
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2.7.1 To read control parameters from a specification file

Control parameters may be read from a file as follows:

CALL RQS read_specfile( control, device )

control is a scalat NTENT(| NOUT) argument of typd&RQS_cont r ol _t ype (see Section 2.4.2). Default values should
have already been set, perhaps by calR@f.i nitial i ze. On exit, individual components abntrol may
have been changed according to the commands found in th@lep&pecfile commands and the component
(see Section 2.4.2) @bnt r ol that each affects are given in Table 2.1.

command component otontr ol value type
error-printout-device %rror integer
printout-device Yout integer
print-Ievel Y%rint | evel integer
use-dense-factorization Ydense_factorization integer
has- h- changed Y%mew_h integer
has- m changed Y%mew.m integer
has- a- changed Ymew_a integer
factorization-linit Y%rax_f actori zati ons integer
inverse-iteration-linit % nver se_i t max integer
max- degr ee-t ayl or - appr oxi mant % ayl or _max_degr ee integer
initial-mltiplier %nitial _multiplier real

| ower - bound- on-nul tiplier % ower real
upper - bound- on-nul ti plier Yupper real

st op- nor mal - case Y%st op_nor mal real

st op- hard- case Yt op_hard real
start-inverse-iteration-tolerance Ustart_invit_tol real
start-max-inverse-iteration-tol erance | %tart_invitmax_tol real
use-initial-multiplier Yuse_initial _multiplier logical
initialize-approxinate-eigenvector %nitialize_approx_ei genvector | real
space-critical Yspace_critical logical
deal | ocate-error-fatal %leal | ocate_error fatal logical
definite-linear-equation-solver Y%lef i nite_linear_sol ver character
out put - | i ne-prefix Y%r efi x character

Table 2.1: Specfile commands and associated componetustafol .

devi ce is a scalat NTENT( | N) argument of type defaultNTEGER, that must be set to the unit number on which the
specfile has been opened.dHvi ce is not opengont rol will not be altered and execution will continue, but
an error message will be printed on ucdnt r ol %err or .

2.8 Information printed

If control %rint_I evel is positive, information about the progress of the alganithill be printed on unitont r ol -

Y%ut . If control %rint_| evel = 1, asingle line of output will be produced for each iteratidthe process. In the
first phase of the algorithm, this will include the curreriresite of the multiplier and known brackets on its optimal
value. In the second phase, the residbdluv — 0|\x|f,,’2, the current estimate of the multiplier and the size of the
correction will be printed. IEont rol %ri nt _| evel > 2, this output will be increased to provide significant detéil
each iteration. This extra output includes times for vagiphases.
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3 GENERAL INFORMATION

Use of common: None.

Workspace: Provided automatically by the module.
Other routines called directly: None.

Other modules used directly: RQS_sol ve calls theGALAHAD package&ALAHAD_CLOCK, GALAHAD_SYMBOLS, GALA-
HAD_SPACE, GALAHAD_RAND, GALAHAD_NORMS, GALAHAD_ROOTS, GALAHAD_SPECFI LE, GALAHAD_SLS, GALAHAD_I R
andGALAHAD_MCOP.

Input/output: Output is under control of the argumentsit r ol %error, cont r ol %out andcontrol %rint _| evel .
Restrictions: n>0,0>0, p> 2.

Portability: 1SO Fortran 95 + TR 15581 or Fortran 2003. The package is dhsafe.

4 METHOD

The required solutior, necessarily satisfies the optimality conditiei, +A,Mx, + ATy, +c¢ =0 andAx, =0,
wherel, = a||x.||P~2is a Lagrange multiplier corresponding to the regularisatindy.. are Lagrange multipliers for
the linear constraintdx = 0, if any. In addition in all cases, the mattik+ A.M will be positive semi-definite on
the null=-space of; in most instances it will actually be positive definite, buspecial “hard” cases singularity is a
possibility.

The method is iterative, and proceeds in two phases. Fitstler and upper bounds, andA,, onA, are computed
using Gershgorin’s theorems and other eigenvalue bouns fiist phase of the computation proceeds by progres-
sively shrinking the bound interv@_,A,] until a valueA for which ||x(A)||m > 0||x(7\)||{’,|’2 is found. Herex(A) and

its companiory(A) are defined to be a solution of
(H+AM)X(\) +ATy(A) = —c and Ax(A) = 0. (4.1)

Once the terminating from the first phase has been discovered, the second phasistsoof applying Newton
or higher-order iterations to the nonlinear “secular” ggra||x(A)||m = GHX(}\)H,&’Z with the knowledge that such
iterations are both globally and ultimately rapidly corgemt. It is possible in the “hard” case that the interval ia th
first-phase will shrink to the single poikt, and precautions are taken, using inverse iteration witidrgh-quotient
acceleration to ensure that this too happens rapidly.

The dominant cost is the requirement that we solve a sequerear systems (4.1). In the absence of linear
constraints, an efficient sparse Cholesky factorizatiadh miecautions to detect indefinite+ AM is used. IfAx =0
is required, a sparse symmetric, indefinite factorizatibfld) is used rather than a Cholesky factorization.

Reference:The method is described in detail in

H. S. Dollar, N. I. M. Gould and D. P. Robinson. On solving treegion and other regularised subproblems in
optimization.Mathematical Programming Computation 2(1) (2010) 21-57.
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5 EXAMPLE OF USE

Suppose we wish to solve a problem in 10,000 unknowns, whatseisl

-2 1 2 1
1 -2 2 1
H= , M= , C= . and f =1,
-2 1 2 1
1 -2 2 1

with regularisation weightt = 10 and ordep = 3 but no other constraints. Then we may use the following code

PROGRAM GALAHAD RQS_EXAMPLE | GALAHAD 2.4 - 14/05/2010 AT 14:30 GMI.

USE GALAHAD RQS DOUBLE I doubl e precision version
IMPLICI T NONE

| NTEGER, PARAMETER :: wp = KIND( 1.0D+0 ) I set precision

| NTEGER, PARAMETER :: n = 10000 I probl em di nensi on

REAL ( KIND=wp ), DIMENSION( n ) :: C X

TYPE ( SMI_type ) :: H M

TYPE ( RQS_data_type ) :: data

TYPE ( RQS_control _type ) :: control

TYPE ( RQS_informtype ) :: inform

REAL ( KIND=wp ) :: f = 1.0 w I constant term f

REAL ( KIND = wp ) :: sigma = 10.0_wp I regul arisation wei ght
REAL ( KIND =wp ) :: p =3.0_w I regul arisation order
INTEGER :: i, s

C=1.0_w

CALL SMI_put( HY ype, 'COORDI NATE', s ) I Specify co-ordinate for H

Hne =2 *n- 1
ALLOCATE( Hval ( Hwe ), H%wow H¥me ), Heol ( Hme ) )

DOi =1, n

Hgow i ) =i ; Hegol( i ) =i ; Hwal( i ) =- 2.0_w

END DO

DOi =1, n-1

Héow( n+i ) =i +1; Hegol(n+i)=i; Hwal(n+i ) =10w

END DO

CALL SMTI_put( Maype, 'DIAGONAL', s ) I Specify diagonal for M
ALLCCATE( Mwval( n) ) ; Mwal = 2.0_wp

CALL RQs_initialize( data, control, inform) ! Initialize control parameters

CALL RQS_solve( n, p, sigm, f, C H X data, control, inform M= M) ! Solve
IF ( informstatus == 0 ) THEN ! Successful return

WRITE( 6, "( 1X 10, ' factorizations. Qbjective and Lagrange multiplier =, &
& 2ES12.4 )" ) infornmfactorizations, infornbebj, inforndewltiplier

ELSE ! Error returns

WRITE( 6, "( ' RQS_solve exit status ="', 10 ) " ) infornistatus

END | F

CALL RQS_termnate( data, control, inform) ! delete internal workspace

DEALLOCATE( H% ow, Hygol, Haval, Maal )
END PROGRAM GALAHAD RQS EXAMPLE

This produces the following output:

4 factorizations. Cbjective and Lagrange nultiplier = -1.2435E+02 2.6592E+01

10000
If we now add the constrath xi = 0, for whichA = (1 ... 1), but revert to unitif1 = 1) regularisation, we

may solve the resulting problem using the following code:
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PROGRAM GALAHAD RQS_EXAMPLE2 | GALAHAD 2.3 - 29/01/2009 AT 10:30 GMI.

USE GALAHAD RQS DOUBLE I doubl e precision version
I MPLICI' T NONE

| NTEGER, PARAMETER :: wp = KIND( 1.0D+0 ) I set precision

| NTEGER, PARAMETER :: n = 10000 I probl em di nensi on

REAL ( KIND = wp ), DIMENSION( n) :: C X
TYPE ( SMI_type ) :: H A

TYPE ( RQS_data_type ) :: data

TYPE ( RQS_control _type ) :: control

TYPE ( RQS_informtype ) :: inform

REAL ( KIND=wp ) :: f = 1.0 w I constant term f

REAL ( KIND = wp ) :: sigma = 10.0_wp I regul arisation weight
REAL ( KIND =wp ) :: p = 3.0_w I regul arisation order
INTEGER :: i, s

C=1.0_w

CALL SMTI_put( H¥iype, 'COORDI NATE', s ) I Specify co-ordinate for H

Hte =2 *n-1
ALLCCATE( Hwal ( Hde ), H% ow H¥me ), H¥eol ( Hme ) )

DOi =1, n

Hgow i ) =i ; Hegol( i ) =i ; Hwal (i ) =- 2.0_w

END DO

DOi =1, n-1

Héow( n+i ) =i +1; Heol(n+i ) =i ; Hwal( n+i ) =1.0w

END DO

CALL SMTI_put( A% ype, 'DENSE, s ) I Specify 1 by n matrix A
ALLCCATE( A%Wal ( n) ) ; AWal = 1.0 w ; A¥n=1

CALL RQS_initialize( data, control, inform) ! Initialize control parameters

CALL RS _solve( n, p, sigm, f, C H X data, control, inform A=A) ! Solve
IF ( informistatus == 0 ) THEN ! Successful return

WRITE( 6, "( 1X, 10, ' factorizations. Qbjective and Lagrange nultiplier =", &
& 2ES12.4 )" ) infornm¥gactorizations, infornPebj, infornbewultiplier

ELSE ! Error returns

WRITE( 6, "( ' RQS_solve exit status ="', 10 ) " ) inforn¥status

END | F

CALL RQS_terminate( data, control, inform) ! delete internal workspace

DEALLOCATE( H% ow, Hyeol, Hwal, AWal )
END PROGRAM GALAHAD RQS_EXAMPLE2

This produces the following output:

10 factorizations. Objective and Lagrange multiplier = 8.9333E-01 4.0000E+00
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