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1 SUMMARY

This package uses classical formulae together with Newtmethod to find all the real roots of real polynomials.

ATTRIBUTES — Versions: GALAHAD_ROOTS_si ngl e, GALAHAD_ROOTS_doubl e. Uses:GALAHAD_SYMBOLS, GALAHAD-
_SPACE, GALAHAD_SPECFI LE, GALAHAD_SCRT. Date: November 20100rigin: N. I. M. Gould, Rutherford Appleton
LaboratoryLanguage: Fortran 95 + TR 15581 or Fortran 2003.

2 HOW TO USE THE PACKAGE

Access to the package requiredSk statement such as

Single precision version
USE GALAHAD_ROOTS_si ngl e

Double precision version
USE GALAHAD_ROOTS_doubl e

If it is required to use both modules at the same time, thevdérypesROOTS_cont r ol _t ype, ROOTS.i nf or m.t ype
andROOTS_dat a_t ype (Section 2.1) and the subroutiREOTS_sol ve, (Section 2.2) must be renamed on one of the
USE statements.

2.1 The derived data types

Three derived data types are accessible from the package.

2.1.1 The derived data type for holding control parameters

The derived data typROOTS_cont r ol _t ype is used to hold controlling data. Default values may be oletby calling
ROOTS.initialize (see Section 2.2.1), while components may also be changedlliyyg ROOTS r ead_specfil e
(see Section 2.4.1). The component®ODTS_cont rol _t ype are:

error is ascalar variable of type defalNTEGER, that holds the stream number for error messages. Printiegar
messages iROOTS_sol ve andROOTS_t er mi nat e is suppressed #rror < 0. The defaultigrror = 6.

out is a scalar variable of type defallNTEGER, that holds the stream number for informational messagastirigy
of informational messages ROOTS_sol ve is suppressed fut < 0. The defaultiout = 6.

print I evel is a scalar variable of type defalNTECGER, that is used to control the amount of informational output
which is required. No informational output will occurpfint _| evel <O0. If print_level > 1, debugging
information will be provided. The defaultjgint _| evel = 0.

tol isanl NTENT(IN) scalar of type defauREAL (double precision iftALAHAD_ROOTS_doubl e) that should be set
to the required accuracy of the roots. Every effort will bestiaito ensure that each computed nadies within
+tol xe of its exact equivalents, although sometimes the required accuracy will not be ptessihe default
istol = EPSILON(1.0) (EPSILON(1.0D0) in GALAHAD_ROOTS_doubl e).
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spacecritical is a scalar variable of type defallod CAL, that must be setTRUE. if space is critical when
allocating arrays andFALSE. otherwise. The package may run fastespéce_critical is. FALSE. but atthe
possible expense of a larger storage requirement. Theltlisfapace_critical = . FALSE. .

deal | ocat e_error _fatal is a scalar variable of type defaul®G CAL, that must be setTRUE. if the user wishes to

terminate execution if a deallocation fails, arfALSE. if an attempt to continue will be made. The default is
deal | ocate_error fatal = .FALSE. .

prefix is a scalar variable of type defa@HARACTER and length 30, that may be used to provide a user-selected
character string to preface every line of printed outpuejcally, each line of output will be prefaced by the
stringprefi x(2: LEN( TR M prefi x))- 1), thus ignoring the first and last non-null components of tigptied
string. If the user does not want to preface lines by suchirgstthey may use the defagltefix = ""

2.1.2 The derived data type for holding informational parameters

The derived data typBOOTS.i nf or mt ype is used to hold parameters that give information about tlogness and
needs of the algorithm. The componentROOTS_i nf or m.t ype are:

status is a scalar variable of type defalllNTEGER, that gives the exit status of the algorithm. See Sectiorf&.3
details.

al l oc_stat us is a scalar variable of type defallNTEGER, that gives the status of the last attempted array allogatio
or deallocation. This willbe O iftatus = 0.

bad_al | oc is a scalar variable of type defa@ARACTER and length 80, that gives the name of the last internal array
for which there were allocation or deallocation errors.shill be the null string ifstat us = 0.

2.1.3 The derived data type for holding problem data

The derived data typROOTS_dat a_t ype is used to hold all the data for a particular problem, betwesls of ROOTS
procedures. This data should be preserved, untouched tifre@initial call toROOTS.i ni ti al i ze to the final call to
ROOTS_t er mi nat e.

2.2 Argument lists and calling sequences

There are three procedures for user calls (see SectionrXdrtoer features):
1. The subroutin®0OTS_i ni ti al i ze is used to set default values, and initialize private data.

2. The subroutin®00TS_sol ve is called to find the real roots of the polynomial
d .
Z)a;x' (2.1)
i=l

of degread, where the coefficients, 0 <i < d are real.

3. The subroutin®0OTS_t er mi nat e allows the user to automatically deallocate array comptanafthe private
data, allocated bROOTS_sol ve, at the end of the solution process.
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2.2.1 The initialization subroutine

Default values are provided as follows:
CALL ROOTS.initialize( data, control, inform)
dat a is a scalaf NTENT( | NOUT) argument of typ&OOTS_dat a_t ype (see Section 2.1.3). Itis used to hold data about
the problem being solved.

control is a scalad NTENT( OQUT) argument of typeROOTS_control _t ype (see Section 2.1.1). On exitpntrol
contains default values for the components as describeddtidd 2.1.1. These values should only be changed
after callingROOTS.ini ti al i ze.

i nform is a scalad NTENT( QUT) argument of typeROOTS.i nf or mt ype (see Section 2.1.2). A successful call to
ROOTS.initial i ze is indicated when the componesttat us has the value 0.

2.2.2 The solution subroutine

The roots of the polynomial (2.1) are found as follows
CALL ROOTS_solve( A, nroots, ROOTS, control, inform data )
A is anl NTENT(IN) rank-one array of type defauREAL (double precision irGALAHAD_ROOTS_doubl e), whose

lower bound must bé and whose upper bound specifies the degteef the polynomial. The entrieX(i),i =0,
..., UBQUND( A) , must contain the values of the real coefficiemt® < i < d. Restrictions: UBOUND( A, 1) > 0.

nroot s is anl NTENT(OUT) scalar of type defaultNTEGER, that gives the number of real roots of the polynomial.

ROOTS is anl NTENT( QUT) rank-one array of lengtd and type defaulREAL (double precision irfGALAHAD ROOTS-
_doubl e). On exit,ROOTS(: nroots) give the values of the real roots of the polynomial in incheg®order.
Restrictions: SI ZE( ROOTS) > UBCUND( A, 1) .

control isascalat NTENT(IN) argument of typ&®0OOTS_cont rol _t ype (see Section 2.1.1). Default values may be
assigned by callin@OOTS_i ni ti al i ze prior to the first call tdROOTS_sol ve.

i nform is a scalat NTENT( | NOUT) argument of typdROOTS_i nf or m.t ype (see Section 2.1.2). A successful call to
ROOTS_sol ve is indicated when the componegitat us has the value 0. For other return valuesbét us, see
Section 2.3.

dat a is a scalaf NTENT( | NOUT) argument of typ&OOTS_dat a_t ype (see Section 2.1.3). Itis used to hold data about
the problem being solved. It must not have been altbyetthe usersince the last call tROOTS.i ni ti al i ze.

2.2.3 The termination subroutine

All previously allocated arrays are deallocated as foltows
CALL ROOTS_ternminate( data, control, inform)

dat a is a scalaf NTENT( | NOUT) argument of typeROOTS_dat a_t ype exactly as folROOTS_sol ve, which must not
have been alterely the usersince the last call tROOTS.i nitial i ze. On exit, array components will have
been deallocated.

control isascalat NTENT(IN) argument of typ&QOTS_control _t ype exactly as foROOTS_sol ve.

i nf orm is a scalat NTENT( QUT) argument of typ&OOTS_i nf or mt ype exactly as folROOTS_sol ve. Only the com-
ponentst at us will be set on exit, and a successful callROOTS_t er i nat e is indicated when this component
st at us has the value 0. For other return valuesbét us, see Section 2.3.
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2.3 Warning and error messages

A negative value of nf or nifst at us on exit fromROOTS_sol ve indicates that an error has occurred. No further calls
should be made until the error has been corrected. Possihles/are:

-1. Anallocation error occured. A message indicating the affieg array is written on unitont r ol %er r or, and the
returned allocation status and a string containing the nanttee offending array are held imf or n#al | oc_-
stat us andi nf or n¥bad_al | oc respectively.

-2. Adeallocation error occured. A message indicating thenafiieg array is written on unéont r ol %er r or and the
returned allocation status and a string containing the nafittge offending array are held imf or n?@l | oc _-
stat us andi nf or n¥bad_al | oc respectively.

- 3. Either the specified degree of the polynomiallegr ee is less than O or the declared dimension of the array
ROOTS is smaller than the specified degree.

2.4 Further features

In this section, we describe an alternative means of settimjrol parameters, that is components of the variable
control of type ROOTS_control _t ype (see Section 2.1.1), by reading an appropriate data spwficfile using
the subroutin€kOO0TS_r ead_specf i | e. This facility is useful as it allows a user to chari@TS control parameters
without editing and recompiling programs that q00TS.

A specification file, or specfile, is a data file containing a bemof "specification commands”. Each command
occurs on a separate line, and comprises a "keyword”, whialstring (in a close-to-natural language) used to identify
a control parameter, and an (optional) "value”, which defitiee value to be assigned to the given control parameter.
All keywords and values are case insensitive, keywords neggrbceded by one or more blanks but values must not
contain blanks, and each value must be separated from igkdyy at least one blank. Values must not contain more
than 30 characters, and each line of the specfile is limite8Dtoharacters, including the blanks separating keyword
and value.

The portion of the specification file used BOTS_r ead_specfi | e must start with a BEG N ROOTS” command
and end with anEND" command. The syntax of the specfile is thus defined as follows

(.. lines ignored by CQP_read_specfile .. )
BEG N CQP
keywor d val ue

keywor d val ue
END
( .. lines ignored by CQP_read_specfile .. )

where keyword and value are two strings separated by (d) leas blank. TheBEG N ROOTS” and “END’ delimiter
command lines may contain additional (trailing) stringdmmy as such strings are separated by one or more blanks,
so that lines such as

BEG N CQP SPECI FI CATI ON
and
END CQP SPEC! FI CATI ON

are acceptable. Furthermore, between BES'N ROOTS” and “END’ delimiters, specification commands may occur
in any order. Blank lines and lines whose first non-blank abtar is! or* are ignored. The content of a line after a
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or* character is also ignored (as is ther * character itself). This provides an easy manner to "comrmetitsome
specification commands, or to comment specific values odicecbntrol parameters.

The value of a control parameters may be of three differgresynamely integer, logical or real. Integer and real
values may be expressed in any relevant Fortran integer@atihfl-point formats (respectively). Permitted valueas fo
logical parameters areédN’, " TRUE”, ”. TRUE. ", " T", " YES", " Y", or "OFF", " NC, " N', " FALSE", . FALSE. " and "F".
Empty values are also allowed for logical control paransetand are interpreted asRUE”".

The specification file must be open for input whe@OTS_r ead_specfi | e is called, and the associated device
number passed to the routine in device (see below). Notetlbatorresponding file iBEW NDed, which makes it
possible to combine the specifications for more than onerprofjoutine. For the same reason, the file is not closed
by ROOTS_r ead_specfil e.

2.4.1 To read control parameters from a specification file

Control parameters may be read from a file as follows:

CALL CQP_read_specfile( control, device )

control is a scalad NTENT( | NOUT) argument of typeROOTS_control _type (see Section 2.1.1). Default values
should have already been set, perhaps by cal@@rS.initialize. On exit, individual components of
control may have been changed according to the commands found ipéeéils. Specfile commands and
the component (see Section 2.1.1}ofit rol that each affects are given in Table 2.1.

command component otont r ol value type
error-printout-device | %rror integer
printout-device Y%out integer
print-Ievel Y%rint _|evel integer
root-tol erance % ol real
space-critical Yspace_critical logical
deal | ocate-error-fatal | %leallocate_error_fatal | logical

out put - i ne-prefix Yrefi x character

Table 2.1: Specfile commands and associated componetustafol .

devi ce is a scalat NTENT( | N) argument of type defaultNTEGER, that must be set to the unit number on which the
specfile has been opened.dHvi ce is not opengont rol will not be altered and execution will continue, but
an error message will be printed on ucdnt r ol %err or .

3 GENERAL INFORMATION

Use of common: None.
Workspace: Provided automatically by the module.
Other routines called directly: None.

Other modules used directly: ROOTS_sol ve calls theGALAHAD package&ALAHAD_SYMBOLS, GALAHAD_SPACE, GALAHAD_SPECFI L|
andGALAHAD_SORT.

Input/output: Output is under control of the argumentsit r ol %error, cont r ol %out andcontrol %rint _| evel .

Portability: 1SO Fortran 95 + TR 15581 or Fortran 2003. The package isdhsage.
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4 METHOD

Littlewood and Ferrari’'s algorithms are used to find estesatf the real roots of cubic and quartic polynomials,
respectively; a stabilized version of the well-known foteis used in the quadratic case. Newton’s method is used
to further refine the computed roots if necessary. Madserraidis method is used for polynomials whose degree
exceeds four.

5 EXAMPLE OF USE

Suppose we wish to solve the quadratic, cubic, quartic anttigequations

X2 —3x+2=0
X3 —6x2+11x—6=0
x* — 10x3 + 35x%2 — 50x+24= 0 and
X2 — 15x* + 85x3 — 225¢ 4 274x — 120= 0.

Then we may use the following code:

! THI'S VERSI ON: GALAHAD 2.1 - 22/03/2007 AT 09:00 GWI.
PROGRAM GALAHAD ROOTS EXAMPLE
USE GALAHAD_ ROOTS doubl e ! doubl e precision version
I MPLICI' T NONE
| NTEGER, PARAMETER :: wp = KIND( 1.0D+0 ) ! set precision
REAL ( KIND = wp ), PARAMETER :: one = 1.0_wp
I NTEGER :: degree, nroots
REAL ( KIND=wp ) :: AC0: 5), ROOTS( 5)
TYPE ( ROOTS data_type ) :: data
TYPE ( ROOTS control _type ) :: control

TYPE ( ROOTS_informtype ) :: inform
control %ol = EPSILON( one ) ** 0.75 I accuracy requested
DO degree = 2, 5 I polynonials of degree 2 to 5
IF ( degree == 2 ) THEN
AC0) =2.0_w
A1) =- 3.0_w
AC2) =1.0w
WRITE( 6, "( ' Quadratic ' )" )
CALL ROOTS solve( A( : degree ), nroots, ROOTS( : degree ), &

control, inform data)

ELSE IF ( degree == 3 ) THEN
AC0) =-6.0w
A1) =11.0w
AC2) =-6.0_w
Al 3) =1.0_w
WRITE( 6, "( /, ' Cubic ' )" )
CALL ROOTS solve( A( : degree ), nroots, ROOTS( : degree ), &
control, inform data)
ELSE I F ( degree == 4 ) THEN
AL 0) =240 w
A1) =- 50.0_wp
Al 2) =350_w
AC3) =- 10.0_w
Al 4) =1.0_w
WRITE( 6, "( /, ' Qartic ' )" )
CALL ROOTS solve( A( : degree ), nroots, ROOTS( : degree ), &
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g

END | F

IF ( nroots
WRI TE( 6,

ELSE IF ( n

WRITE( 6, "

ELSE IF ( n
WRI TE( 6,
ELSE IF ( n

WRI TE( 6, "

ELSE IF ( n
WRI TE( 6,
ELSE IF ( n
WRI TE( 6,
END | F

IF ( nroots /=0) WRITE( 6, "( ' roots: ', 5ES10.2 )" ) ROOTS( :

END DO

F ( degree ==

control, inform data)

- 120.0_wp
274.0_wp

- 225.0_wp
85.0_wp

- 15.0_wp
1.0 wp

) THEN

“( 1, Qintic’ )" )

S solve( A( :

degree ), nroots, ROOTS( :

control, inform data)

== 0) THEN
"( ' no real
roots == 1)
(" 1real
roots == 2 )
(' 2real
roots == 3)
(" 3real
roots == 4)
"(" 4 real
roots == 5)
"( " 5 real

roots ' )" )

THEN

root ' )" )

THEN

roots ' )" )

THEN

roots ' )" )

THEN

roots ' )" )

THEN

roots ' )" )

END PROGRAM GALAHAD ROOTS_EXAMPLE

This produces the following output:

Quadratic
2 real roots
roots: 1. 00E+

Cubi c
3 real roots
roots: 1. 00E+

Quartic
4 real roots

roots: 1. 00E+
Quintic

5 real roots
roots: 1. 00E+

00 2.00E+00

00 2. 00E+00

00 2.00E+00

00 2.00E+00

3. 00E+00

3. 00E+00 4. 00E+00

degree ),

3.00E+00 4.00E+00 5.00E+00

nroots )
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